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Introduction 
In this paper we aim to generalize some well-known properties of left noetherian 
fully left bounded rings to locally noetherian Grothendieck categories. 
For technical reasons the general theory will only be developed for locally 
noetherian categories having a noetherian generator. However, to show that the 
theory works in much more general situations as well, similar results will be proved to 
hold in other categories, e.g. the category of graded left modules over a graded 
noetherian ring, which will be dealt with in Part II of this paper. 
In the first paragraphs we recall some properties of locally noetherian categories 
and localization in Grothendieck categories. Next, we will introduce prime kernel 
functors in Grothendieck categories. Once the technical machinery developed we 
generalize results of Krause and Gabriel to Grothendieck categories with a 
noetherian generator. We conclude by giving some relations between symmetric 
kernel functors and fully bounded Grothendieck categories. 
1. Locally noetherian categories 
1.1. Throughout % will denote a Grothendieck category. Recall that a set of objects 
{G,; i E I} of % is said to be afumily of generators for % if for each nonzero morphism 
cy : B + C in % there exists a morphism p: C’, + B, for some i E Z, such that (YP # 0. We 
say that G is a generator for %’ if {G} is a family of generators for %. Thus {G,} is a 
family of generators if and only if @Gi is a generator. For example, if R-gr is the 
category of graded left R-modules over the graded ring R = @R,. then {R(m); 
m E Z} is a family of generators for R -gr, if R(m) denotes the graded R-module with 
gradation R(m), = R,,,. 
* The author is supported by N.F.W.O. grant A2/35 
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1.2. It is well known that G is a generator for %’ if and only if for all C in %’ the 
canonical morphism 
G(Hom,tG.C)) --, c 
is epimorphic. One may use this to prove the Gabriel-Popescu embedding theorem 
which may be formulated as follows. For an arbitrary object G in % we define the 
representable functor qo by 
qG =Hom&G, -):V-,Mod-qc(G). 
This functor possesses a left adjoint 
TG:MOd-qG(G)+'%. 
Theorem 1.3 (Gabriel-Popescu [3]). Let q = qa, T = TG, cp : Tq + 1 an adjunction 
arrow of T with q. The following statements are equivalent: 
(1.3.1) G is a generatorfor 5%‘; 
(1.3.2) q is fully faithful; 
(1.3.3) cp is a functorial isomorphism and T is exact; 
(1.3.4) T is exact and induces an equivalence between %’ and Mod(q(G), Ker T), 
the quotient category of Mod-q(G) relative to the localizing subcategory Ker T, which 
consists of all ME Mod-q(G), such that TM = 0. 
1.4. In particular, if %’ has a generator G, which is a finitely generated projective 
object, then q is exact and preserves direct sums. It then follows that every module in 
Mod-q(G) is isomorphic to an object qM, hence V is equivalent to the module 
category Mod-A, where A = q(G) = Hom%(G, G). 
1.5. An object C of V is called noetherian if the lattice of its subobjects is 
noetherian, i.e. if every subobject of C is finitely generated. The category V is said to 
be locally noetherian, if it has a family of noetherian generators. In this case every 
object is a direct union of noetherian subobjects. For example, the category R-mod 
of left R-modules is locally noetherian if and only if R is a left noetherian ring. For 
locally noetherian categories one has a satisfactory decomposition theory for 
injective objects. Indeed, every direct sum of injective objects is then injective and 
every injective object is a direct sum of indecomposable objects. Recall the following 
theorem. 
Theorem 1.6 (Krull-Remak-Schmidt-Azumaya). Let % be an arbitrary 
Grothendieck category and let Ai, Ct be objects of V such that each Ai has a local 
endomorphism ring and each Ct is indecomposable. If A,@ * * *@A,,, and 
C,O* . . OC,, are isomorphic, then m = n and there exists a permutation r of 
(1, * * * 9 n} such that Ai and C,,i, are isomorphic for each i. 
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1.7. This should be considered together with the well-known fact that for each 
indecomposable injective object E of % we have that Horn&E, E) is a local ring, i.e. 
such that the noninvertible elements form a proper ideal. It is thus easy to show that 
an object C of % is of finite rank, i.e. there is no infinite, independent family of 
subobjects of C, if and only if the injective hull of C may be decomposed as 
for a finite number n of indecomposable injective objects. 
1.8. An object C is irreducible if and only if it cannot be written as an intersection of 
two strictly larger objects, and it is natural to call an arbitrary subobject D of some 
object C in V coirreducible if C/D is irreducible. For any injective object E in V the 
following statements are equivalent: 
(1.8.1) E is indecomposable; 
(1.8.2) each subobject of E is coirreducible; 
(1.8.3) E is an injective envelope of each of its nonzero subobjects; 
(1.8.4) E is an injective envelope of a coirreducible object. 
1.9. If C is a noetherian object in %‘, then each subobject D of C has an irreducible 
decomposition, say D = Cl n. * * n C,. It follows easily that, if this decomposition is 
irredundant, then E(C/D) =E(C/CJ0 - . . OE(C/C,,), where each EfC/C,) is 
indecomposable. It is then obvious, that if D = Cl n * * * n C,, = C; n * . * p CL are 
two irredundant, irreducible decompositions of D in C, then m = n and there exists a 
permutation r of (1, . . . , n} such that E(C/Ci) and E(C/CL,i,) are isomorphic. 
2. Localization in Grothendieck categories 
2.1. A kernel functor in the Grothendieck category % is a left exact subfunctor K of 
the identity. It is idempotent, if for each object C of 0 we have K(C/KC)=O. 
Concepts as K-torsion, K-torsion free and (faithfully) K-injective are defined as 
usually. Note that we will sometimes peak of K-closed objects instead of faithfully 
K-injective objects. The torsion theory associated to K will be denoted by (TK, 9K), 
where Y, and FX are the torsion class, respectively the torsion-free class associated 
to K. For definitions and elementary properties the reader is referred to 
[2, 5,7,14, 181. To each kernel functor K one associates the smallest idempotent 
kernel functor K larger than K by putting for each C in %‘: 
f?(C) = n {C’< c; C/C’E 9*}. 
The terminology “smallest” respectively “largest” is defined with respect to the 
ordering 
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In particular we may define on the class K(y) of all kernel functors in V two 
operations v and A making K(f) into a complete distributive lattice, compatible 
with the ordering C. 
2.2. Let K be an idempotent kernel functor in %, then to each object C of % we may 
associate in an essentially unique way a K-closed object Q,(C) containing C = C/KC, 
such that Q, (C)/C is K- torsion. 0, (C) is called the objectofquotients of C at K. If we 
denote by Y:(K) the full subcategory of %’ consisting of all K-Closed objects in %, then 
Q, is easily checked to define a left adjoint to the inclusion i,: Z(K)+ 3. 
2.3. More generally, a full strict subcategory !B of a Grothendieck category %’ is 
called reflective if the inclusion functor i:9 + V has a left adjoint a, which will be 
called the reflector of 9 in %‘. If the reflector a is left exact, then we will speak of a 
Giruud subcategory of ?? and we will sometimes call the 4-tuple (2, %, i, a) a Giraud 
position, cf. [19]. If we denote by 57 the class of objects C of V for which nC = 0, and 
if Fconsists of the objects in %’ which are subobjects of objects in 2, then the couple 
(Y, 9) determines a torsion theory in %’ such that its quotient category is equivalent 
to 9. Moreover, there is bijective correspondence between torsion theories for % 
and strict Giraud subcategories of %. The Gabriel-Popescu theorem may thus be 
stated as: every Grothendieck category is equivalent to a Girarcd subcategory of a 
module-category. 
2.4. Let (9, %, i, a) be a Giraud position and let Y and 9 be as above. One easily 
shows that an object E of 9 is injective in Q if and only if iE is injective in %. 
Moreover, the injective hull in %? of an object in 5?!? is in 9 too. Let us denote by E’ 
and Ed injective hulls in % respectively 9 and let a = ia. 
Theorem 2.5. For any P E 9 we have 
aE’(P) = E’(aP) = iEd = E’(P). 
Proof. cf. [18]. 
2.6. For any Giraud position (9, %, i, CL) we define assignments -d and -c as follows. 
First (following (18, 19]), a kernel functor K in %’ is said to be g-compatibfe if 
a~ = KU. Defining KID = KiD for any D yields for each Scompatible (idempotent) 
kernel functor K an (idempotent) kernel functor K d in S?‘, called the kernel functor 
induced by K. If o is the kernel functor in V defined by (Y, 9), i.e. UC = Ker(C + UC) 
for each C in Fe, then any K 3 u is Scompatible. Note also that if K is &?-compatible, 
then for any D in 5? we have iC?,d(D) = Q,(D), where Q,d denotes the localization 
at K~ in 9. 
On the other hand an idempotent kernel functor K in 5.S yields a Giraud position 
(g,, 9, il, a,), where 91= S(K), the quotient category of 5? determined by K, and 
this yields by composition a new Giraud position (&Z1, %, iii, ala), or, equivalently, 
an idempotent kernel functor K, in Ce, called the kernel functor in Zproduced by K. 
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One easily shows that + is Scompatible and that -d and -= yield reciprocal 
bijections between K(5?) and the Z??-compatible kernel functors in K(S). Details 
may be found in [18,19]. 
2.7. Let G be a generator for V and K an idempotent kernel functor in #, then 
Z’(G, K) stands for the class of all subobjects I of G in V with the property that G/I is 
K-torsion. It is fairly straightforward to show that a necessary and sufficient condition 
for E to be K-injective is that each diagram. 
O-I-G 
.I 
. 
10’ 
/’ 
E 
*’ 
with I E Z’(G, K) can be completed commutatively. 
2.8. Define for each object C in % 
H ,G.,dc) = h Hom-e(A C), (2.8.1) 
IEZ’(G.H I 
$G.r)(C) = HomdQ,(G), C?,(c)) = qo,t~,(Q~(C)), (2.8.2) 
then HtG+): % + Mod-H,G,K,(G) and S<G.*) : %? --, Mod-S,G.,,(G) are functors, and 
for K-torsion free objects C in % one finds that up to a canonical isomorphism 
fft~.~) (C) and S~G.*I CC) coincide. This enables us to show that for every C in % we 
have 
lim Homz(l, C/KC)=~G(Q~(C)). (2.8.3) 
IEY(G,K) 
2.9. One easily checks that 2 = Y(G, K) satisfies the following properties: 
(2.9.1) IfIESaandI<J<G, thenJE% 
(2.9.2) IfIEZ’andJEA?, thenInJEP’. 
(2.9.3) If I E 5? and cp E q(G), then q-‘(1) E 2. 
(2.9.4) If I < G and K E 2’ has the property 
for every p E q(K) it is true that V-‘(I) E _Y, (2.9.4.1) 
then I~_55 
Conversely, to any class JX of subobjects of G satisfying the properties (2.9.1-4) 
there corresponds a unique idempotent kernel functor K in %’ such that 2 = Z’(G, K). 
It is defined by its torsion class Yti which consists of all C in 8 with the property that 
for all cp E q(C) we have Ker p EJZ cf. [19]. 
2.10. Let K be an idempotent kernel functor, then K is said to be G+zoerherinn if its 
associated filter Z’(G, K) has the following property: 
(2.10.1) IfIi<I,<... is an ascending chain of subobjects of G whose union lies 
in _!Y(G, K), then there exists an index n such that I,, E Z(G, K). 
104 A. Verschoren 
Exactly as in the module case, one shows that the following statements are 
equivalent: 
(2.102) the direct sum of K-closed objects in K-closed; 
(2.10.3) Q, commutes with direct sums; 
(2.10.4) K is G-noetherian. 
It follows that the condition of being G-noetherian is independent of the generator G 
under consideration. We will thus speak of a noetherian kernel functor. In particular, 
if % is a noetherian category, then every idempotent kernel functor is noetherian. 
3. Primes and supports (cf. [17] for the module case) 
3.1. Let C be an object in V, then there is at least one kernel functor K in %’ such that 
KC = 0, e.g. K = 0. If KC = 0 and C + E is an essential extension, then 0 = KC = 
KE n C, hence KE = 0 too. Let us denote by V%(C) the set of all K in K(%‘) with 
KC = 0, then V-,(C) = V%(E). Moreover, V%(O) = K(W), and we may as well assume 
that C # 0 in what follows. 
Proposition 3.2. Let E E Ob %’ be injective. For any C E Ob V, one defines 
m(C) = fl Wr(f) ;f~ HomAC, EN. 
Then : 
(3.2.1) KE defines an idempotent kernel functor in V; 
(3.2.2) K~iSt?ZaXimalin theset V,(E), i.e. if K’EK(%‘), then K’C V%(E) if andonly 
if KICK. 
Proof. That ~~(0 is a subobject of C in %’ is obvious. Moreover, if f: C’ WC is a 
%-morphism, then f may be factorized through the canonical monomorphisms: 
K,dC’) 
‘(E(f) 
l K.c(C) 
i ’ 
I 
C' f 
Indeed, for each g: C + E the morphism f maps Ker(gf) to Ker(g). Finally, if C’+ C 
is a monomorphism, we have to check whether KC’ = KC n C’. Now KC’-* KC n C’ 
follows from the foregoing remark, and conversely, if we have a morphism g’: C’+ 
E, then by the injectivity of E there is a morphism g: C --, E extending g’ to C and the 
converse inclusion is then easily verified. Finally, the idempotency of KE may be 
checked directly. 
For the second statement, we first note that KE(E) = 0, since there is a monomor- 
phism form E to itself, hence KE E V,(E). Furthermore, if K s KE, then KE = 0, hence 
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K E V,(E). Conversely, if KE = 0, then for any C and any morphism g: C + E, we 
have g(X) = 0, hence KC c K&Z’, i.e. K s KE. 
3.3. Exactly as in the module case, cf. [7], one now easily proves the following 
statements: 
(3.3.1) For every idempotent kernel functor K E K(V), there exists an object C in 
%, such that K = KC = KEtC). 
(3.3.2) Let {Co} be an arbitrary family of objects in % and C = @Cm. If K, = KC,, 
then & K, = KC. 
3.4. Assume that E is a nonzero indecomposable injective object in V, then by (l.S), 
E is an essential extension of every nonzero subobject. If KE = K~ A ~2, then K~E n 
K~E = 0, hence K~E = 0 or KZJ!? = 0. Thus KI S KE or ~2 6 KE, i.e. KE = Kr or KE = K2. 
Thus K~ is indecomposable in the obvious sense. Now, for an arbitrary idempotent 
kernel functor K we have seen that it is of the form KE, where E is an injective object 
in %. Moreover, in a locally noetherian category every injective object E decomposes 
into a direct sum E =BpEp, where E, is an indecomposable injective. But then 
(3.3.2) yields that K = AK~,. This proves 
Theorem 3.5. In a locally noetherian category, the set of idempotent kernel functors is 
generated (under A ) by the indecomposable kernel functors. 
3.6. A support for a kernel functor K is an object S in V such that KS = 0 and for 
every nonzero subobject S’ of S we have K(S/S’) = S/S’. 
Proposition 3.7. Let K be an idempotent kernel functor with support S, then : 
(3.7.1) S is an essential extension of each nonzero subobject; 
(3.7.2) every nonzero subobject S’ <S is also a support for K; 
(3.7.3) if T>S and KT=O, while K(T/S)= T/S, then Tis a support for K; 
(3.7.4) S is a support for KS. 
Proof. This may be proved in exactly the same way as in the module case, cf. [7]. 
Lemma 3.8. If K is a kernelfunctor, Ca n-torsion free object, C’ a subobject of Csuch 
that C/C’ is n-torsion, then C is an essential extension of C’. 
Proof. Let D be an arbitrary nonzero subobject of C, then we want to show that 
D n C’ # 0. Consider the following diagram: 
Ii 
* 
Cl--c -C/C’. 
n 
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Since K(C/C’) = C/C’, we know for all x E q(C, C’) that Ker ,y EZ’(G, K). In parti- 
cular, take q E q(D), then Ker(rriq)= (ip)-‘(C’) E _Y(G, K). On the other hand, if 
cp(Ker(nicp)) = 0, then Ker(nicp) c Ker cp, hence Ker cp E Z’(G, K). If for all cp E q(D) 
we have cp(Ker(niq)) =0, then we find that Ker cp EZ’(G, K) for all q E q(D), hence 
that D is K-torsion, contradicting the fact that C is K-torsion free. Hence, there is 
cp E q(D) such that cP(Ker(+)) # 0 and thus 0 # (Ker(+)) c C’ n D. 
3.9. A kernel functor is called a prime (kernel functor) if there exists a support P 
such that K = K~. If S is a simple object and K = K~, then S is a support for K and K is 
prime, i.e. every maximal subobject of G yields a prime kernel functor. On the other 
hand, if S and S’ are nonisomorphic simple objects, then KS(S)) = S’, thus the primes 
arising from simple objects, which we call “muximul primes” are in one-to-one 
correspondence with isomorphism classes of simple objects. 
Lemma 3.10. If S is a support for K and E is K-torsion free, then ecery nonzero 
morphism S + E is a monomorphism. 
Proof. Let cp :S + E be an arbitrary nonzero morphism, say with kernel S’, then c’ 
induces a monomorphism S/S’++ E, hence S/S’ is K-torsion free. It follows that 
S’ = 0. 
Proposition 3.11. Let p be a prime kernel functor with support S, then ,z = K~. 
Proof. Let P be a support for P such that p = KP; taking E = E(P), clearly /.L = KE. 
Since p(S) = 0, there exists a nonzero morphism S + E, and by the foregoing lemma 
this morphism is manic. Thus we may assume that S is a subobject of E. Now, the 
morphism P + E being essential, while P is an essential extension of each nonzero 
subobject, it is clear that E is an essential extension of each nonzero subobject. But 
02 ~sS=sn K&, hence K~E=O, i.e. KS <,u. On the other hand, we also have 
,u(S) = 0, yielding the other inequality, i.e. we have equality @ = KS. 
Lemma 3.12. If 0 + C’+ C + C”+ 0 is an exactsequence in Ce, where C’ is K-injectice 
and C” is K-torsion free, then this sequence splits. If, moreover, C is K-torsion free, then 
c = C’. 
Proof. Straightforward, cf. [7]. 
Theorem 3.13. Every prime kernel functor p has an essentially unique support which 
is t..binjective. 
Proof. That there is at least one support with this property has just been noted. 
Assume now that P and Q are both supports for p satisfying the property of being 
p-injective, then denoting by E an injective envelope of Q, we may again argue that 
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P is isomorphic to a subobject of E and we may identify P with its image in E. Since E 
is essential over Q, we have that P’= PnQ #O. Now u(P/P’)= P/P’, i.e. the 
identity map from P’ to Q extends to a morphism P + Q and since P’+ P is essential, 
this morphism is manic. Thus P is isomorphic to a subobject PO of 0. Since Q is a 
support for CL, it finally follows that Q/P,-, is p-torsion. The foregoing lemma applied 
to the exact sequence 
then yields the conclusion. 
3.15. The following definition will be useful in Section 6. A subobject I of G is said 
to be critical in G if there is an idempotent kernel functor K in K(V) such that G/I is 
K-torsion free and I is maximal as such. We will say that I is K-critical in G and we will 
denote by C(G, K) the set of all K-critical subobjects of G. 
Proposition 3.16. For any subobject I of G the following statements are equicalent: 
(3.16.1) Z is critical in G; 
(3.16.2) G/Iis a support for K~/I; 
(3.16.3) for all subobjects L of G strictly containing Z, we have 
Hom%(G/L, E(G/I)) = 0; 
(3.16.4) there is an indecomposable injectiue object E such thatqo(I) is a maximal 
member of the set {AnnG(x) ;O # x E qG(E)}. 
Proof. It suffices to check that (l)e~(2), for then the other properties are just 
restatements of elementary properties of supports. Now (2)9(l) is obvious, and 
conversely, if I is K-critical for some K E K(W), then K S KG/I by definition. Thus 
9% = g,,,, and thus every nonzero subobject K of G/I has the property that 
KG,I((G/I)/K)=(G/I)/X, since this holds for K too. But then by definition I is 
Kclrcritical. 
Lemma 3.17. If V is locally noetherian and I is critical in G, then E(G/I) is an 
indecomposable injective object. 
Proof. Assume that I is K-CritiCal and let E(G/I) =@Ei be a decomposition of 
E(G/I) into indecomposable injectives. Since I is K-critical, it is clear that 
K(E(G/I)) = 0 and that every nontrivial quotient of E(G/I) is K-torsion. Now if Et is 
one of the indecomposable factors of E(G/I), then 
K(E(GII)IE,)-K(~~Ei)=O; 
hence E(G/I) = Et and E(G/I) is indecomposable. 
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4. Associated primes 
4.1. For any pair of objects G, C of % and any subset A cqo(C) define the 
annihilator of A in G by 
Ann&) = {cp Eq&G) ;Va E A, crcp = 0). 
In particular we define AnnG( C) = AnnG(q,( C)) and call it the external annihilator 
of C in G. We may also define the internal annihilator of C in G by 
Anno = KE&G) = n {Ker a;~ E q&C). 
Lemma 4.2. With these definitions we haoe Anne(C) = qo(Anno(C)). 
Proof. If Q E qo(Anno(C)) and (Y E qo(C), then 
a~: G -, Anno c G -, G 
is the zero map, by the very definition of Ann&C). Conversely, if Q E AnnG(C), then 
for every (Y E qo(G) we have crrp = 0; thus in particular 
IIiQ l G 
is a commutative diagram, i.e. Im Q c n(Ker (Y ; (Y E q&C)}, and it follows that Q 
factorizes through Anno and may be viewed as an element of qd(Anno(C)). 
4.3. Define the set AssG(C) to consist of all those two-sided ideals P of qo(G) with 
the property that there is a nonzero sub-qo(G)-module r of qo(C) such that for 
each nonzero sub-qc;(G)-module A of r we have P = AnnG(A). 
Proposition 4.4. ASSG( C) c Spec(q&G)). 
Proof. If (Y, p E qd(G), such that crqo(G)P c P for some P E ASSG( C), and if a& P, 
then (~qo( G) c P, If we let A = rcrq,( G), where r is as in the definition of P, then A is 
a sub-qo( G)-module of r, which is nonzero, since otherwise aqo( G) c AnnG(T) = 
P, against our assumption. But then j3 E Anne(A) = P. 
Lemma 4.5. Assume that in the following exact sequence in 5%‘: 
O+C’L C& c”+o, 
C is K-injective and C” is K-torsion free, then C’ is K-injective. 
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Proof. As in [7]. 
4.6. Assume that G is a generator in %‘, and let v be the idempotent kernel functor in 
Mod-q(G) associated to % by the Gabriel-Popescu theorem (1.3). If P E AssdC), 
then there exists a submodule r of q(C) such that for every nonzero submodule ~1 of 
r in Mod-q(G) we have P = AnnG(.4). In particular, there is a nonzero morphism 
rp E r and P = Anna(cpq(G)). But then in the exact sequence of q(G)-modules 
O+P+q(G)+q(G)/P+O 
to prove that P is cr-closed, it suffices to prove that q(G)/AnnG(cpq(G)) is cr-torsion 
free, by the foregoing lemma. Now, if for some x E q(G) we have that 2 E 
cr(q(G)/AnnG(pq(G))), then there exists LcE(q(G), C) such that XL c 
AnnG(cpq(G)), i.e. cpq(G),yL = 0, thus (~q(G)x c a(T) c cr(q(C)) = 0 and x E 
AnnG(qq(G)), i.e. X = 0. This shows that every PE AssG(C) is cr-closed, which by 
the Gabriel-Popescu theorem means that there is a unique subobject p of G such 
that qG(p) = P. The set of these will be denoted by AssG(C) and will be called the 
internal associated spectrum of C, and each p in AssG(C) is said to be associated to C 
(both notions with respect to G). 
4.7. Externalizing these notions via the Gabriel-Popescu theorem, this permits us to 
identify Ce with a subcategory (R, c)-mod of R-mod, where R = qc(G) for some 
fixed generator G and where u is the idempotent kernel functor in R-mod associated 
to V. 
Evidently (R, a)-mod is the full subcategory of R-mod consisting of the g-closed 
R-modules, and R is cT-closed itself, under the above identification. Furthermore q~ 
identifies AssG(C) with Assc(C) = AssR (qG(C)) for each C in %‘. The prime ideals of 
R contained in the external associated spectrum of qc(C), an arbitrary cr-closed 
object, are all in (R, cr)-mod by the foregoing. We will denote by Spec(R, UT) the set of 
all cT-closed prime ideals of R. Kernel functors in % correspond to (R, u)-mod 
compatible kernel functors in R-mod. Since G is a generator in V we obviously have 
that R is a generator in (R, c)-mod and if an object C is noetherian in %, then its 
image q~(c) is noetherian in (R, u)-mod. 
Lemma 4.8. If G is a noetherian generator in %, then u is a noetherian kernel functor 
in R-mod. 
Proof. IfIic1*C*.* is an ascending chain of left ideals of R such that lJz E Z(U), 
then Q,(Ir) c Qo(lJ c - * * is an ascending chain of subobjects of R in (R, cT)-mod, 
which reaches R = C?,(lJZ_) after a finite number of steps, say O,(I,,) = R, hence for 
all x E R there is a left ideal L, E 2’(v) such that L,x c Z,, ; in particular, this says for 
x = 1 that L1 c I,, i.e. I, E L?(V). 
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Corollary 4.9. Under the same conditions, every direct sum of faithfully u-injective 
R-modules is faithfully u-injective, i.e. direct sums of objects of V may be calculated in 
R-mod. 
Proof. This follows immediately from 2.10 and Lemma 4.8. 
4.10. Note that one always has that intersections in V may be calculated in R-mod. 
Indeed, it suffices to show that an intersection of a-injective submodules of a 
cz-closed R-module is a-injective too. Assume that E, E’ c G have this property and 
consider the following diagram, where Z E 3’(c): 
i 
O-I-R e 
I : ‘\ (P i/ \ 
EnE ‘AE \ 
By the cr-injectivity of E and E’there exist x and x’ in E respectively E' such that for 
each a E Z we have icp(cu) = cyx respectively i’cp(cz) = cyx’, but then in F we have for all 
(Y E Z that LY (x -x’) = 0, i.e. Z(x -x’) = 0 and thus x --x’E cr(E + E’) c o(F) = 0, i.e. 
x = X’E E n E’ and En E’ is a-injective. The same argument is valid for arbitrary 
intersections. 
Lemma 4.11. Zf R is a noetherian object of (R, u)-mod, then for any prime ideal P in 
Spec(R, u), the quotient ring R/P is left Goldie. 
Proof. Let S be an arbitrary subset of R and let FE Ann(S), where - means “modulo 
P”, then rS = 0, i.e. rS c P. Now, if x E C?,([P: S]), then for some L E 2’(u) we have 
Lx c [P: S], i.e. LxS c P, but then XS c Q,(P) = P and then x E [P: S], i.e. [P: S] is 
u-closed. But, since [p:q= Ann(S), the fact that R is noetherian in (R, u)-mod 
yields that R has the ascending chain condition on left annihilators. 
Similarly, if R/P contains an infinite direct sum of left ideals Lr@Lz@* . *, then 
c?&~)OQ,(UO * * * is an infinite direct sum of subobjects of Q,(R/P) in 
(R, u)-mod. But C?,(R/P) is the quotient of R by P in (R, u)-mod, and we know that 
in an arbitrary Grothendieck category %‘, the extreme terms in an exact sequence 
o+ C’+ C+ CM-0 
are noetherian if and only if C is noetherian, i.e. in our 
noetherian in (R, u)-mod. But then it does not allow any 
subobjects, proving our assertion. 
situation O,(R/P) is 
infinite direct sum of 
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Lemma 4.12. If G is noetherian, then for any u-closed R-module M, Ass(M) # 0. 
Proof. Every maximal member of the family of ideals of the form Ann(L) for 
nonzero submodules L of M will do. Note that each of these annihilators lies in 
(R, (+)-mod, for, if x E Q,(Ann(L)), then for some I E Y(u) we have IX c Ann(L), i.e. 
IxL = 0, so XL c uM = 0 and thus x E Ann(L). 
Lemma 4.13. If 0 + L --, M SN + 0 is an exact sequence in (R, u)-mod, then 
Ass(L) c Ass(M) c Ass(L) u Ass(N). 
Proof. That Ass(L) c Ass(M) is well known. Let P= Ann(K)E Ass(M), so that 
P = Ann(K’) for all 0 # K’ c K, and let us look at the exact sequence 
in R-mod. If K n L = 0, then x maps K isomorphically onto a submodule of N, and 
then P E Ass(N). Otherwise K n L # 0, and P = Ann(K’) for every 0 # K’ c K in L, 
i.e. P E Ass(L). 
4.14. Since direct sums in (R, rr)-mod may be calculated in R-mod, the module case 
yields 
AsS(@Mi) = UAss(Mi). (4.14.1) 
Furthermore, since any object in (R, cr)-mod is obviously a-torsion free, we may 
apply 2.4 to conclude that for every M in (R, a)-mod the injective hulls in 
(R, a)-mod and R-mod coincide, i.e. 
Ass(M) = Ass@(M)). (4.14.2) 
Proposition 4.15. If Mis a nonzero coirreducible object of (R, cT)-mod, then Ass(M) 
has only one member, which we will denote by Ass(M). 
Proof. Applying the foregoing this may be proved exactly as in the module case. 
Corollary 4.16. If M has finite rank in (R, a)-mod, then Ass(M) is finite. 
Proof. Apply (4.14.1), (4.14.2) and Proposition 4.15. 
4.17. We now define a u-closed module M to be cotertiary iff Ass(M) contains 
exactly one member. Similarly a subobject N of M in (R, u)-mod is said to be tertiary 
in M, iff the quotient M/N in (R, u)-mod is cotertiary. Every coirreducible object in 
(R, a)-mod is cotertiary and thus an irreducible object is tertiary. If P E Spec(R, a), 
then a subobject L of M is said to be P-tertiary if Ass(M/L) = {P}. It is now possible 
to introduce tertiary decomposition, but we will not work out the details of it. Let us 
just mention the following. 
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Lemma 4.18. Every P E Spec(R, u) is P-tertiary in R. 
Proof. If R/P denotes the quotient of R by P in R-mod, then P = Ann(R/P)E 
Ass(Q,(R/P)). Conversely, if Z = Ann(L’) for all nonzero submodules L’ of some 
L c Q,(R/P), then in particular Z = Ann(L n (R/P)). If L n (R/P) = J/P for some 
R 1 J 2 P, then ZJ c P hence Z c P. But, since obviously P c Ann(L’n (R/P)), this 
yields that Z = P. 
Lemma 4.19. Every intersection of P-tertiary submodules of M is P-tertiary. 
Proof. Since M/ n Li and hence Q,,(M/ n Li) injects into $M/Li and $ Qc(M/Li), 
we find that 
Ass(Q,(M/f-)Li)) = Ass(@Q,(M/L,)) = UAss(Q,(M/Li)) =(P). 
Proposition 4.20. Zf P E Spec(R, u) and E(R/P) = @z, Ei, where Ei are indecom- 
posable injective objects in (R, cr)-mod, then all the Ei are isomorphic. 
Proof. From Lemma 4.11 it follows that we may find a simple, classical eft ring of 
quotients 0 of R/P. Now, R/P being essential in Q as a left R/P-module yields that 
R/P is essential in Q as a left R-module, and hence the canonical inclusion R/P+ Q 
extends to an inclusion Q --, E(R/P), which is R-linear and essential. Moreover Q 
decomposes into a direct sum LI 0 * * * CDL, of isomorphic left ideals, so 
@Ei = E(R/P) = E(Q,(Q)) = E(Q,(LIO. * -CDL,)) 
= E(Q,(LI))O- + .OE(Q,(L,)) 
= E(L,)O. . .OE(L,). 
Hence by the Azumaya theorem m = n, and there is a permutation q of (1,. . . , n} 
such that Ei =E(L,& SO the Ei are all isomorphic. 
Proposition 4.21. LetMbefinitely generated in (R, cr)-mod, then there exists a chain 
O=Moc* * * c kf,, in (R, u)-mod, such that 
(4.21.1) Mi is tertiary in Mi+l, 
(4.21.2) Qq(Mi+l/Mi) is annihilated by Ass(Qm(Mi+l/Mi). 
Proof. Assume that we already have, MO,. . . , M,. If Mi f M, then 
ASS(Q,(M/Mi)) # 0, hence there is a nonzero submodule of M/M, say K, such that 
for all 0 # K’c K we have P = Ann(K’). If Mi+i =e’(K),where~:M+M/Miisthe 
canonical surjection, then M/Mi+l c M/Mi c Qm(M/Mi), hence o(M/Mi+l) = 0 and 
thus Mt+l is cT-closed by Lemma 4.5, and Qv(M/M+l)C Qq(M/M)* Finally, it is 
clear that each submodule of Mi+l/Mi is annihilated by the prime ideal P= 
Ass(Qm(M+l/M))* 
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Lemma 4.22. For each u-torsion free R-module M we have Ass(Q,(M)) = Ass(M). 
5. Fully bounded noetherian categories 
5.1. In this section we will assume that R is a noetherian object in (R, cT)-mod, and 
thus that (R, rzr)-mod is a noetherian category. Recall that an object M in a locally 
noetherian category is said to be isotypic if E(C) is a direct sum of isomorphic 
indecomposable injective objects. We have seen in Proposition 4.20 that every 
PE Spec(R, (T) yields an isotypic object Q,(R/P) in (R, @)-mod. 
5.2. Let us denote by 8(R, o) the set of isomorphism classes of indecomposable 
cr-closed injective R-modules and let us define the map 
0: SZ(R, o) + Spec(R, g) 
by associating with each class represented by an indecomposable injective E, the 
associated prime Ass(E). This map is independent of the representative E and is 
clearly surjective since each P is associated to E(R/P) = E(Q,(R/P)). 
Lemma 5.3. The following statements are equivalent: 
(5.3.1) @ is bijectice; 
(5.3.2) every cotertiary object in (R, o)-mod is isotypic. 
Proof. (l)*(2): If M is cotertiary and E(M) =@Ei with each Ei indecomposable 
and injective in (R, o)-mod, then ASs(Ei) = Ass(M) for each i, and (1) implies that 
the Ei are isomorphic. 
(2)+(l): If E’ and E” are indecomposable injectives, then, if P= ass(E’) = 
ass(E”), Ass(E’O E”) = Ass(E’) u Ass(E”) = {P}, and thus E’O E” is cotertiary. But 
then (2) implies that E’= E”. 
Lemma 5.4. The following statements are equivalent: 
(5.4.1) For every PE Spec(R, a) and every essential subobject I of Q,(R/P) in 
(R, a)-mod, there is a two-sided nonzero o-closed submodule I’ contained in I. 
(5.4.2) @ is bijectice. 
Proof. (l)+(2): Let E be indecomposable and let P=Ass(E). We will exhibit 
a monomorphism E --, E(R/P). Consider a decomposition E(R/P)=@Ei of 
E(R/P) into isomorphic indecomposable injectives; then by the Azumaya theorem 
E = Ei and (2) holds. 
So, if P E Ass(E), then P = Ann(Rx) for some x E E and we put I = Ann(x). Then I 
is an irreducible object of (R, cr)-mod containing P. Now Q,(I/P) is not essential in 
Q,(R/P), for otherwise Q,(I/P) would contain a two-sided Ji and if we put 
J/P = J, n (I/P), with J 2 P, then JRx = Jx c Ix =0, contradicting the fact that 
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Ann(Rx) = P. Since Q,(Z/P) is thus not essential, there is a u-closed subobject T f 0 
in Q,(R/P) such that T n Q,(Z/P) = 0. If T n(R/P) = L/P, with L 2 P, then also 
(L/P) n Q,(Z/P) = 0 and L/P n Z/P = 0. But then we have L n Z = P, and if we write 
L as a finite irredundant intersection of irreducible o-closed R-ideals, which is 
possible since we may always choose L to be a-closed, then we get an irredundant 
irreducible decomposition of P, 
P=ZnZ,n- . .nZ, 
and thus E(R/P) = E(R/Z)OE(R/ZI)O* - *OE(R/Z,). In particular, this yields 
E = E(Rx) = E(R/Z) c E(R/P). 
(2)3(l). Let A = R/P and A’= Q,(R/P) and assume there is an essential 
subobject of A in (R, @)-mod, say Z, not containing any nonzero two-sided cr-closed 
submodule. We may assume that Z is maximal with this property. First note that if Z is 
essential in the sense of (R, c+)-mod, then it is essential in the sense of R-mod, and 
conversely. Furthermore, if Z does not contain any nonzero, two-sided a-closed 
submodule, then it does not contain any nonzero, two-sided submodule at all. 
Indeed, it is easy to see that if M is an arbitrary two-sided R-module, then Q,(M) is a 
two-sided R-module extending the two-sided structure of M, in an essentially unique 
way. 
Back to the proof, let us note that Z is irreducible in (R, cT)-mod, for indeed, if 
Z = L1 n L2, where Z s L1, and Z s; Lz, then by the maximality assumption on Z, there 
exist two-sided submodules 0 # Ki c Li and then 
But KIKz # 0, since otherwise (K1 n A)(Kz n A) = 0 in A, which is prime, implying 
that K1 n A = 0 or KZ n A = 0, hence K1 = 0 or Kz = 0, a contradiction. But then Z 
contains a nonzero submodule, against the choice of Z. 
Hence Z is irreducible. But then Ass(A’/Z) = Ass(Q,(A’/Z)) = {Q} for some 
PE: Spec(R, a), i.e. there is Is L c A such that Ann(L/Z) = Q. Now Q,(L) strictly 
contains Z in (R, a)-mod, and Q,(L)c A’, so there is a two-sided nonzero K1 c 
Q,(L). But then K = K1 nA is two-sided in L and QK c QL c Z, and since OK is 
two-sided, we find that QK = 0, by the assumption on I. If we denote by Q’ the image 
of Q in Q,(R/P), this yields (Q’nA)K = 0 in the prime ring A, hence Q’nA = 0, 
i.e. Q’= 0, hence Q = P in R. We thus have proved that Ass(E(A’/Z)) = {P}. It 
remains to exhibit another, non-isomorphic indecomposable injective which also has 
P as its associated prime. So, if E(R/P) =@EEi, where Ei is indecomposable, we 
know that ass(Ei) = ass(E(R/P)) = P, and we only have to show that Ei z E(A’/Z) = 
E(A/Z) leads to a contradiction. 
Let Z =J/P, with J 3 P, then E(A/Z) = E(R/J), and assume we have an inclusion 
E(R/J) -E(R/P). Since E(R/P) is Kp-torsion free in R-mod, it suffices to show that 
J E .Y(K~), for then R/J is Kp-torsion and the above inclusion is impossible. Now R/P 
is a left Goldie ring, hence satisfies the left 6re conditions. It is then well known, cf. 
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1151, that 
z(Kp) = {L;‘dx E R, [L:x]n G(P) # 0}, 
where G(P) is the Goldie set defined by 
G(P)={~ER;~&PP~~@P}. 
Now Z is essential, hence for all x E R, we have that (I: f) is essential too, 2 denoting 
the image of x in R/P. But then (I: x) n G(P) # 0 and Z E P’(K~). 
This proves that E(A’/Z) cannot be injected into E(R/P), hence is certainly not 
isomorphic to a direct summand of it. This finishes the proof of (2)+(l). 
5.5. As in 4.17 we define an object C of % to be G-cotertiary iff Asso contains a 
single member. The set of equivalence classes of indecomposable injective objects of 
V will be denoted by E(V), and Spec(G, Ce) will denote the set of all cr-closed prime 
ideals of qo(G) = R, i.e. all prime ideals PC Hom%(G, G) such that there exists a 
subobject p of G with P = qo(p). The set of these subobjects of G will be denoted by 
Spec(G, 0). Using the Gabriel-Popescu theorem to identify V with (R, o)-mod, we 
obtain a map 
do: E(V)+ Spec(G, U) 
which is surjective. 
Theorem 5.6. Let G be a noetherian generator of the Grothendieck category %:, then 
the following properties are equivalent: 
(5.6.1) the map Bo:E(V)*Spec(G, U) is bijectiue; 
(5.6.2) ecery G-cotertiary object in % is isotypic; 
(5.6.3) for every p E Spec(G, W) and every essential subobject Zof Gf p there exists a 
nonzero subobject I’ of Z such that qG(Z’) is a two-sided qc;(G)-module. 
Proof. This is straightforward consequence of Lemmas 5.3 and 5.4 and the Gabriel- 
Popescu theorem. 
5.7. A generator G with the above properties is said to be fully bounded. A category 
% is said to be fully bounded if it possesses afully bounded generator. Note that this is 
not the most general situation in which the concept of fully boundedness may be 
considered. Indeed, it is well known that the Gabriel-Popescu theorem may be 
generalized to arbitrary families of generators {Gi;i E Z}, simply by noting that 
@Gi = G is then a (global) generator and 
Homu(g G C) = IJtHom-s(G, Cl. 
This allows us to look at the local components Homu(Gi, C) of an object C in % and 
to introduce locally associated primes, tied up (by the Gabriel-Popescu theorem) to 
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primes of qc(G). If the generators Gi are noetherian, whereas @Gi is not, in 
general, it is easy to derive a result similar to Theorem 5.6. We will not go into the 
details, however, but a special case, the category of graded left modules over a graded 
noetherian ring, will be worked out in part II of this paper. If the ground ring is 
R =@ncz R,, then {R(m) ; m E E} is a family of noetherian generators and it will be 
proved that the boundedness properties of this family may be reduced to those of the 
single ring R. It should be noted that most results of the next paragraph may be easily 
generalized to the following situation. There is given a family of exact equivalences 
{T,, ; n E Z} of V into itself, such that for each n E 72 we have that T,, and T_, are 
adjoint and To = lrg, and a noetherian object G in % such that {T,G; n E Z} is a family 
of generators for %‘. In the special case of graded modules, the equivalences T,, are, of 
course, the shifts T&l = M(n). 
5.8. If we denote by bd(Z) the object Anno(G/Z), then it is easy to see that 
qG(bo(Z)) is actually the largest ideal contained in qc(Z). Consider the following 
condition: 
For every subobject Z of G, there exist cpl,. . . , (P,, E qG(G) 
such that &(I) = n;=, rp-‘(I). (H) 
Proposition 5.9. Zf the noetherian generator G of % satisfies condition (H), then G is 
fully bounded. 
Proof. Let us make use of the Gabriel-Popescu correspondence to identify &(I) 
with the bound of qG(Z), and cp;‘(Z) with [qc(Z):rpi]. Assume Z is an essential 
u-closed submodule of Q,(R/P), where P is a u-closed prime ideal of R, then 
I1 = Z n (R/P) has the property that Q,(Zt) = Z and we may write Z as J1/P where J1 
is a cr-closed left R-ideal strictly containing P. Let us show that the bound b(J1) of J1 
strictly contains P too. Otherwise, choose a decomposition 
We find an x such that [.Zi : x] = P and obviously x&P. Now, if the image of x in 
R/P c Q,(R/P) is denoted by y, then obviously Q,(Ry) n Z # 0 since Z is essential, 
and thus Ry nZl # 0. We may then choose r E R such that ry # 0, i.e. rxkP and 
ry E Ii, i.e. rx E J1. But then r E [JI :x] = P contradicts rxkP. This shows that b(J1) 
strictly contains P and thus that Q,(b(JI)/P) is a nonzero two-sided a-closed 
R-module contained in Z, i.e. R is fully bounded in (R, a)-mod, implying that G is 
fully bounded in %. 
Corollary 5.10. Zf the noetherian generator G is artinian, then G is fully bounded. 
Proof. Let us verify condition (H). If Z is a subobject of G, then 
bG(Z)=n{~‘(Z);rpEqG(G)}, 
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and this intersection may be taken to be finite since G is artinian. Note that one may 
also give a direct proof as follows: if E is an indecomposable injective object then the 
associated prime p of E is the annihilator of some module r such that 
P = AnnGr = Annual n * * - n ihn&p, 
for a finite number of Qi E I’, since G is artinian and f may be taken to be cyclic. It 
follows that 
and thus E(R/P) c ~G(E”) = qG(E)“. The Azumaya theorem then yields that E is 
completely determined by P, i.e. that G is fully bounded. 
6. Localization in fully bounded categories 
6.1. In this paragraph we study relations between the fully bounded condition and 
localization. Using the notations and machinery developed in Section 4 we will 
continue to formulate results within the Grothendieck category %‘, whereas most 
proofs will be given in the equivalent category (R, a)-mod. Let us first give some 
supplementary information and the links between localization in R-mod and in 
(R, a)-mod. 
6.2. Let K be an idempotent kernel functor in (R, a)-mod, then K is induced by an 
idempotent kernel functor K’ in R-mod, which is (R, (+)-mod compatible. By (3.3.1) 
there exists a u-closed R-module M such that K = KM in (R, a)-mod and M may be 
chosen to be injective in (R, a)-mod. But then it is easy to see that K’= KL in R-mod, 
where KL is the idempotent kernel functor in R-mod cogenerated by M or its 
injective hull. 
6.3. A kernel functor K’ in R-mod is said to be bilateral if its filter L?(K)) has a basis 
consisting of two-sided ideals. A symmetric kernel functor is an idempotent bilateral 
kernel functor. To each kernel functor K’ in R-mod one associates a bilateral kernel 
functor Kb defined by its filter, which consists of all left ideals of R containing an ideal 
in L?(K)). If K’ is idempotent, ~b need not be symmetric in general, but this is true if R 
is left noetherian. This leads us to define an (idempotent) kernel functor K’ in R-mod 
to be presymmetric if and only if K’ = -’ K~, where K;) denotes the idempotent kernel 
functor associated to K;, as in 2.1. 
6.4. More generally, a kernel functor K in the Grothendieck category V with 
generator G is said to be G-bilateral (resp. G-symmetric) if, with notations as before, 
the Gabriel-topology associated to it in (R, cr)-mod has a basis of two-sided a-closed 
ideals (resp. if K is G-bilateral and idempotent). Clearly this leads us to define the 
G-bilateral kernel functor associated to arbitrary kernel functor K by its filter P’(K& 
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which consists of all cxlosed left ideals of R containing a two-sided ideal in Z(K). 
One easily sees that K(G) is the largest G-bilateral kernel functor smaller than K. 
When no ambiguity arises, we will simply write ho instead of K(G). As above, an 
idempotent kernel functor K in %’ is said to be G-presymmetric if K = K(G). 
Lemma 6.5. Let K be a kernel functor in V induced by the kernel functor K’ in R-mod, 
then 
Proof. If L E z(Ko), then L contains a cr-closed ideal lying in S(K), say I. Then, 
by definition, K’Q,(R/Z) = KQ,(R/Z) = Q,(R/Z), so K’CRII) = K’Q,(RIZ) n RIZ = 
R/I; hence Z Ez(KA) and Q,(Z) = Z, since Z is o-closed. Conversely, if L E-Y(K;)), 
then L contains an ideal Z E Y(K’), hence Q,(L) 3 Q,(Z), and we know that Q,(Z) is 
an ideal too. To finish the proof, we have to show that Q,(Z) E. L?(K). But Z E -Y(K)) 
implies Q,,(Z) E L&‘(K’), and hence 
KQ,(R/Q,(Z)) = K’Q,(R/Q,(Z)) = QmMRlQcrU)) = QdVQc.M). 
Corollary 6.6. Zf n’ in R-mod induces K in (R, a)-mod, then K; induces KO. 
Proof. This follows easily from the foregoing lemma, as follows. Let it4 be an 
arbitrary u-closed R-module, then x E KIM if and oniy if there is a a-closed ideal Z in 
L!‘(K~) such that Ix = 0. But, since we have noted above that we also have Z E a(~&), 
this shows that x E K&M. Conversely, if x E K&M, then we may find L E Z(K;) such 
that Lx = 0. If (Y E Q,(L)x, then we may choose K Ed such that Ko c Lx = 0, i.e. 
(Y E uM = 0. Thus Q,(L)x = 0 and the foregoing lemma yields that x E KOM, proving 
the converse inclusion. 
Corollary 6.7. Zf K is a G-(pre)symmetric kernel functor in ‘%, then there is a 
V-compatible (pre)symmetric kernel functor K’ in R-mod, inducing K. 
Proposition 6.8. Let K be an arbitrary idempotent kernel functor in X(U), then 
K = A\(KGII;I E C(G, K)). 
Proof. Since K(G/Z) = 0 for each Z E C(G, K), it easily follows that K =S /~{KG,I}. Let 
Kl 2 K with KI # K, then we may find L E z(G, ~1) -5?(G, K). Since ,% K(G, K), W 
may find I1 E C(G, K) such that L c II and thus KI d KG/I, cannot hold for this II. 
Hence K = A{KG,I;Z E C(G, K)} as we wanted. 
Theorem 6.9. Consider the following properties on a noetherian generator G of Q: 
(6.9.1) Every idempotent kernel functor in X(q) is G-symmetric; 
(6.9.2) G is fully bounded; 
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(6.9.3) Every idempotent kernel functor in X(V) is G-presymmetric. 7’he following 
implications hold: 
W=H2)=W. 
Proof. Taking into account the fact that R/P is a left Goldie ring, the implication 
(l)+(2) follows as in the module case by looking at Q for each PE Spec(R, v). 
For the second implication, let I E C(R, rTO; a), the set of cr-closed &-critical left 
ideals of R, then Q,(R/I) and R/I have the same injective hull, hence 
KQ,(R/I) = KE(RII) = KE(R/P) 
for some a-closed prime ideal P of R, by the fact that there is a one-to-one 
correspondence between classes of indecomposable injectives and cr-closed prime 
ideals in (R, a)-mod. We thus have that Q,(R/P) is &-torsion free. Assume now 
that K(Q,(R/P)) # 0, then K’(R/P) # 0, hence K’(R/P) is an ideal of the prime left 
Goldie ring R/P, cf. Lemma 4.11, and hence K’(R/P) is essential as a left ideal. Thus 
it contains a regular element x E R/P. If L E Z(K’) is such that Lx = 0, then L c P and 
PE a(&,) follows. But this contradicts the fact that Q,(R/P) 3 R/P is &-torsion 
free. Hence K’(R/P) = 0, which yields that K(Q,(R/P) = 0 and K GKE(R/P) = 
K E(RII) = K Q,(R/r)* so 
K ~A{KQ,(RII) ;IE C(R, ~o;u))=~o, 
by the foregoing lemma, i.e. K = CO, since the other inequality K 2 I?O is obvious. This 
shows that K is G-symmetric. 
6.10. Note that if G is strictly noetherian, i.e. if Homo(G, G) is a right noetherian 
ring (using Theorem 1.3) or left noetherian (with our conventions), then (6.9.1), 
(6.9.2) and (6.9.3) are equivalent, although in general only the implications proved in 
the theorem hold. 
Lemma 6.11. If p E Spec(G, U) belongs to Lf(G, K), then G/p& gx, and conversely. 
Proof. We work in (R, a)-mod. If PE Z(K), then PiF, is obvious. Conversely, if 
Q,(R/P)Ig_ then R/Pg 9*,, i.e. there exists a left ideal I strictly containing P such 
that K (I/P) = I/P. Now R/P is a Goldie ring hence R/P is a left order in a simple ring, 
thus R/P satisfies the descending chain condition on left annihilators. Since P is 
prime, the annihilator of I/P in R/P is zero, i.e. we may find a finite set of elements 
Xl,. . . , x,, E I/P such that nAnn(xi) =Ann(l/P) =O. Indeed, in any ring with 
descending chain condition on left annihilators, every left annihilator is of the form 
Ann(S) for a finite subset S. Thus 
R/PC (RxJP)@ - -O(Rx,/P) c (I/P)@+ . *@(I/P), 
i.e. R/P is torsion and PEA?(K). 
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Corollary 6.12. If G is fully bounded and C E FK, then AssG(C) c Spec(G, U) n 
y(G, K). 
Proof. Let E(C) = @El be a decomposition of E(C) into indecomposable 
injectives; for each p E Asso we know that E(G/p) is a direct sum of indecom- 
posable injectives which must be isomorphic to one of the Ei by the bijective 
correspondence between classes of indecomposable injective objects and objects in 
Spec(G, U). 
But then G/p contains a nonzero subobject isomorphic to a subobject of C which 
is K-torsion, i.e. p E 2’(G, K). 
Theorem 6.13. Let G be a fully bounded noetherian generator for %‘, and K an 
idempotent kernel functor in X(U), then for a subobject Iof G the following statements 
are equivalent: 
(6.13.1) IE 5!?(G, K); 
(6.13.2) therearepiE2’(G,~)nSpec(G, ~)suchthatZ~T~(q~(po)...q~(p~)). 
Proof. Looking at the category (R, cr)-mod, we first note that if &JE~‘(K), then 
Q,(I.T)EP?(K). Indeed, for each a EJ, we know that Jc [Q,(U): a] and hence 
[Q,(N): a] E z(K), implying that Q,(ZJ) E L?(K). Hence, if 1 contains a product 
Q&'o. - - P,), where Pi E g(~) n Spec(R, a), then 1 ES(K). Conversely, if 1 E Z(K), 
then by Proposition 4.21 we may find cT-closed left R-modules MO= 
OcM,c* - - CM, = Q,(R/I), such that Q,(Mi+i/Mi) is annihilated by Pi E 
Spec(R, o). But then Pi annihilates M+i/M and also Ni+i/N, where Ni = 
Mi n (R/P). Hence I c P,, * * * PI c Q,(P,, * * * P1) and each Pi lies in Z(K), since 
Q,(Mi+i/Mi) c Q,(R/I) is a K-torsion module, and (6.13.2) holds. 
6.14. From here on it is now possible to develop to its full extent the theory of 
localization in fully bounded categories, introducing Artin-Rees objects and related 
concepts. This may be done in roughly the same way as in [9,14,16,. . .], but the 
details will be left to the reader. 
6.15. Let us conclude by mentioning some straightforward examples. First, if 
QC 0 H(R) denotes the category of quasicoherent sheaves of 0R-modules over the 
affine noetherian scheme Spec(R), then the generator OR is fully bounded in 
QC 0 H(R) since R is commutative. 
6.16. A less trivial example may be given as follows. Let 3 be a presheaf of left 
noetherian rings over a fixed topological space (X, TX) and let n(5?, X) denote the 
Grothendieck category of presheaves of left B-modules over X. If we define 9~ by 
putting for each V E TX: 
r(V,9) if Vc U, rw,a,)=I, if Ve U. 
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With restriction morphisms, induced by the restrictions $32 E! of 8, then{Bo; I/ E TX) 
is a family of noetherian generators for n(%, X). If we assume .T’ to be finite, which 
will be the case from now on, then G =@{&; U E TX} is a noetherian generator for 
fl(% X). 
Let us consider the Gabriel-Popescu embedding. Clearly a morphism p: G + G 
decomposes into a direct sum p = @po, where, for each U E TX we have pU E 
Homncsp.x,(9?U, @Bu). If l( W, 9) is the identity of r( W, LB), then each po is 
completely determined by giving for each U c V 
AU, V) =[uU, Pu)(l(U, ~))I", 
where [-]I/ denotes the r( U, .%!v)-component, since then for W c U, 
P(w, v, v~=~~~w,Pcr~~~~w,~~~lv=~~uw(P~u, V)), 
thus completely describing p( U). If we put p( U, V) = 0 if UG V, then we may assign 
to p the matrix (p(U, V))u,v,ym and a composed morphism r =u op then cor- 
responds to a matrix multiplication 
(T(U, W)> = (P(v, VI) * (dv, W)), 
defined by 
r(U, W)= c P(v, V)&Aa(V, W)) 
UCV 
if Uc W. 
Similarly, if A E 17(%!, X), then g:@Bo +A isdefined by ,u =@pU, where ptr is 
completely determined by 
CL(U) = f(U, ~u)O(U, 32))E T(U, Jw, 
since, as above 
cL(w, u)=~(w,cLU)(l(w,~))=&4P(u))~ 
To morphisms p: G + G and + : G +A in n(.?R, X) corresponds a composition 
p . p = v, given by the action 
(P(v, V) * (cc(V)) = (v(W), 
with 
v(U)= v&Pw, w&%.4w 
Let B be a subobject of G, then it is easy to see that if qa(9’) E Spec(q,(G)), then 9 
has to be of the form 
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where, for some WE TX the presheaf BW is a subobject of 92~ since otherwise we 
may find W, W’E TX such that 9 v gzw # CBzw and B n Ze,* # SW., yielding sub- 
objects BWO(B n9ZW) and (9 n~?2~)@92 WV, not contained in 9, mapping under 
qo to ideals of (IG(G) with product in qo(P). 
Using the embedding theorem it is now easy to see that Hom(G, 9’) is prime if and 
only if, with the above notations, f (V, PW) = 0 if U ts W and f( W, 2%)~ 
Spedf ( W, 2)). 
If WE TX and P E Spec(T( W, .9)), then we denote by (P, W) the corresponding 
presheaf 8; thus 
Spec(G, n(.92, X)) = {(P, W) ; WE TX, PE Spec(T( W, 22))). 
Note that r( V, G/(P, W)) = 0 if U # W and r( W, 92)/P if U = W. It then follows 
immediately that G is fully bounded in n(%!, X) iff 24 is a fully left bounded presheaf 
of rings in the sense that for each U E Fx we have that r( V, 2) is a fully left bounded 
left noetherian ring. 
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